DIOPHANTINE ANALYSIS
CHAPTER I
INTRODUCTION. RATIONAL TRIANGLES. METHOD OF
INFINITE DESCENT
§ i.

INTRODUCTORY REMARKS

IN the theory of Diophantine analysis two closely related
but somewhat different problems are treated. Both of them
have to do primarily with the solution, in a certain sense,
of an equation or a system of equations. They may be characterized in the following manner: Let f(x, y, z, . . .) be a
given polynomial in the variables x, y, z, . . . with rational
(usually integral) coefficients and form the equation

f(x,y,z,

. . .)=o.

This is called a Diophantine equation when we consider it
from the point of view of determining the rational numbers
x, y, z, . . . which satisfy it. We usually make a further
restriction on the problem by requiring that the solution
x,y,z, . . . shall consist of integers; and sometimes we say that
it shall consist of positive integers or of some other defined
class of integers. Connected with the above equation we
thus have two problems, namely: To find the rational numbers x, y, z, . . . which satisfy it; to find the integers (or
the positive integers) x, y, z, . . . which satisfy it.
Similarly, if we have several such functions ft(x, y, z, . . .),
in number less than the number of variables, then the set
of equations

M*,y, z, • • -)=o
is said to be a Diophantine system of equations.
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Any set of rational numbers x, y, z, . . ., which satisfies
the equation [system], is said to be a rational solution of the
equation [system]. An integral solution is similarly defined. The
general rational [integral] solution is a solution or set of solutions containing all rational [integral] solutions. A primitive
solution is an integral solution in which the greatest common
divisor of the values of x, y, z, . . . is unity.
A certain extension of the foregoing definition is possible.
One may replace the function f(x, y, z, . . .) by another which
is not necessarily a polynomial. Thus, for example, one may
ask what integers x and y can satisfy the relation
xy — yx = o.
This more extended problem is all but untreated in the literature. It seems to be of no particular importance and therefore will be left almost entirely out of account in the following
pages.
We make one other general restriction in this book; we
leave linear equations out of consideration. This is because
their theory is different from that of non-linear equations
and is essentially contained in the theory of linear congruences.
That a Diophantine equation may have no solution at
all or only a finite number of solutions is shown by the
examples
x2+y2+i =o, x2+y2 —1=0.
Obviously the first of these equations has no rational solution and the second only a finite number of integral solutions.
That the number of rational solutions of the second is infinite
will be seen below. Furthermore we shall see that the equation x2+y2 = z2 has an infinite number of integral solutions.
In some cases the problem of finding rational solutions
and that of finding integral solutions are essentially equivalent. This is obviously true in the case of the equation
x2+y2 = z2. Yor, the set of all rational solutions contains
the set of all integral solutions, while from the set of all integral
solutions it is obvious that the set of all rational solutions is
obtained by dividing the numbers in each solution by an
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arbitrary positive integer. In a similar way it is easy to see
that the two problems are essentially equivalent in the case
of every homogeneous equation.
In certain other cases the two problems are essentially
different, as one may see readily from such an equation as
x2+y2 = i. Obviously, the number of integral solutions is
finite; moreover, they are trivial. But the number of rational
solutions is infinite and they are not all trivial in character,
as we shall see below.
Sometimes integral solutions may be very readily found
by means of rational solutions which are easily obtained in
a direct way. Let us illustrate this remark with an example.
Consider the equation
x2+y2 = z2.
(i)
The cases in which x or y is zero are trivial, and hence they are
excluded from consideration. Let us seek first those solutions
in which z has the given value z = i. Since x ^ o w e may write
y in the form y = i— mxy where m is rational. Substituting
in (i) we have
x2 + (i—mx)2 = i.
This yields
i+wr
whence
i— m2

This, with z = i, gives a rational solution of Eq. (i) for every
rational value of m. (Incidentally we have in the values of
x and y an infinite set of rational solutions of the equation
x2+y2 = i.)
If we replace m by q/p, where q and p are relatively prime
integers, and then multiply the above values of x, y> z by p2+q2,
we have the new set of values
x = 2pq, y = p2 — q2, z = p2+q2.
This affords a two-parameter integral solution of (i).
In § 3 we return to the theory of Eq. (i), there deriving
the solution in a different way. The above exposition has
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been given for two reasons: It illustrates the way in which
rational solutions may often be employed to obtain integral
solutions (and this process is frequently one of considerable
importance); again, the spirit of the method is essentially
that of the Greek mathematician Diophantus, who flourished
probably about the middle of the third century of our era
and who wrote the first systematic exposition of what is now
known as Diophantine analysis. The reader is referred to
Heath's Diophantos of Alexandria for an account of this work
and for an excellent abstract (in English) of the extant writings
of Diophantus.
The theory of Diophantine analysis has been cultivated
for many centuries. As we have just said, it takes its name
from the Greek mathematician Diophantus. The extent to
which the writings of Diophantus are original is unknown, and
it is probable now that no means will ever be discovered for
settling this question; but whether he drew much or little
from the work of his predecessors it is certain that his Arithmetica has exercised a profound influence on the development
of number theory.
The bulk of the work of Diophantus on the theory of
numbers consists of problems leading to indeterminate equations;
these are usually of the second degree, but a few indeterminate
equations of the third and fourth degrees appear and at least
one easy one of the sixth degree is to be found. The general
type of problem is to find a set of numbers, usually two or
three or four in number, such that different expressions involving them in the first and second and third degrees are
squares or cubes or otherwise have a preassigned form.
As good examples of these problems we may mention the
following: To find three squares such that the product of any
two of them added to the sum of those two or to the remaining
one gives a square; to find three squares such that their continued product added to any one of them gives a square;
to find two numbers such that their product plus or minus
their sum gives a cube. (See Chapter VI.)
Diophantus was always satisfied with a rational result

RATIONAL TRIANGLES.

METHOD OF INFINITE DESCENT

5

even though it appeared in fractional form; that is, he did
not insist on having a solution in integers as is customary in
most of the recent work in Diophantine analysis.
It is through Fermat that the work of Diophantus has
exercised the most pronounced influence on the development
of modern number theory. The germ of this remarkable growth
is contained in what is only a part of the original Diophantine
analysis, of which, without doubt, Fermat is the greatest master
who has yet appeared. The remarks, method and results of
the latter mathematician, especially those recorded on the
margin of his copy of Diophantus, have never ceased to be
the marvel of other workers in this fascinating field. Beyond
question they gave the fundamental initial impulse to the
brilliant work in the theory of numbers which has brought
that subject to its present state of advancement.
Many of the theorems announced without proof by Fermat were demonstrated by Euler, in whose work the spirit
of the method of Diophantus and Fermat is still vigorous.
In the Disquisitiones Arithmeticce, published in 1801, Gauss
introduced new methods, transforming the whole subject and
giving it a new tendency toward the use of analytical methods.
This was strengthened by the further discoveries of Cauchy,
Jacobi, Eisenstein, Dirichlet, and others.
The development in this direction has extended so rapidly
that by far the larger portion of the now existing body of
number theory has had its origin in this movement. The
science has thus departed widely from the point of view and
the methods of the two great pioneers Diophantus and Fermat.
Yet the methods of the older arithmeticians were fruitful
in a marked degree.* They announced several theorems
which have not yet been proved or disproved and many others
the proofs of which have been obtained by means of such
difficulty as to make it almost certain that they possessed
other and simpler methods for their discovery. Moreover
they made a beginning of important theories which remain
to this day in a more or less rudimentary stage.
* Cf. G. B. Mathews, Encyclopaedia Britannica, n t h edition, Vol. XIX, p. 863.
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During all the intervening years, however, there has been
a feeble effort along the line of problems and methods in indeterminate equations similar to those to be found in the works
of Diophantus and Fermat; but this has been disjointed and
fragmentary in character and has therefore not led to the
development of any considerable body of connected doctrine.
Into the history of this development we shall not go; it will
be sufficient to refer to general works of reference * by means
of which the more important contributions can be found.
Notwithstanding the fact that the Diophantine method
has not yet proved itself particularly valuable, even in the
domain of Diophantine equations where it would seem to be
specially adapted, still one can hardly refuse to believe that
it is after all the method which is really germane to the subject. It will of course need extension and addition in some
directions in order that it may be effective. There is hardly
room to doubt that Fermat was in possession of such extensions if he did not indeed create new methods of a kindred
sort. More recently Lucas | has revived something of the
old doctrine and has reached a considerable number of interesting results.
The fragmentary character of the body of doctrine in
Diophantine anlysis seems to be due to the fact that the history
of the subject has been primarily that of special problems.
At no time has the development of method been conspicuous,
and there has never been any considerable body of doctrine
worked out according to a method of general or even of fairly
general applicability. The earliest history of the subject has
been peculiarly adapted to bring about this state of things.
It was the plan of presentation of Diophantus to announce
a problem and then to give a solution of it in the most convenient form for exposition, thus allowing the reader but small
opportunity to ascertain how the author was led either to the
problem or to its solution. The contributions of Fermat were
* See Encyclopedic des sciences mathematiques, tome I, Vol. I l l , pp. 27-38, 201214; Royal Society Index, Vol. I, pp. 201-219.
t American Journal of Mathematics, Vol. I (1878), pp. 184, 289.
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mainly in the form of results stated without proof. Moreover, through their correspondence with Fermat or their relation to him in other ways, many of his contemporaries also
were led to announce a number of results without demonstration.
Naturally there was a desire to find proofs of interesting theorems
made known in this way. Thus it happened that much of the
earlier development of Diophantine analysis centered around
the solution of certain definite special problems or the demonstration of particular theorems.
There is also something in the nature of the subject itself
which contributed to bring this about. If one begins to investigate problems of the character of those solved by Diophantus
and Fermat he is soon led experimentally to observe certain
apparent laws, and this naturally excites his curiosity as to their
generality and possible means of demonstrating them. Thus
one is led again to consider special problems.
Now when we attack special problems, instead of devising
and employing general methods of investigation in a prescribed domain, we fail to forge all the links of a chain of reasoning necessary in order to build up a connected body of doctrine
of considerable extent and we are thus lost amid our difficulties,
because we have no means of arranging them in a natural
or logical order. We are very much in the situation of the
investigator who tries to make headway by considering only
those matters which have a practical bearing. We do not
make progress because we fail to direct our attention to essential
parts of our problems.
I t is obvious that the theory of Diophantine analysis is
in need of general methods of investigation; and it is important that these, when discovered, shall be developed to a wide
extent. In this book are gathered together the important
results so far developed and a number of new ones are added.
Many of the older ones'are derived in a new way by means of
two general methods first systematically developed in the
present work. These are the method of the multiplicative
domain introduced in Chapter I I and the method of functional
equations employed in Chapter VI. Neither of these methods
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is here used to the full extent of its capacity; this is especially
true of the latter. In a book such as the present it is natural
that one should undertake only an introductory account of
these methods.
§ 2.

REMARKS RELATING TO RATIONAL TRIANGLES

A triangle whose sides and area are rational numbers is
called a rational triangle. If the sides of a rational triangle
are integers it is said to be integral. If further these sides
have a greatest common divisor unity the triangle is said to
be primitive. If the triangle is right-angled it is said to be a
right-angled rational triangle or a Pythagorean triangle or a
numerical right triangle.
I t is convenient to speak, in the usual language of geometry,
of the hypotenuse and legs of the right triangle. If x and y
are the legs and z the hypotenuse of a Pythagorean triangle,
then
x2+y2 = z2.
Any rational solution of this equation affords a Pythagorean
triangle. If the triangle is primitive, it is obvious that no
two of the numbers x, y, z have a common prime factor. Furthermore, all rational solutions of this equation are obtained
by multiplying each primitive solution by an arbitrary rational
number.
From the cosine formula of trigonometry it follows immediately that the cosine of each angle of a rational triangle
is itself rational. Hence a perpendicular let fall from any
angle upon the opposite side divides that side into two rational
segments. The length of this perpendicular is also a rational
number, since the sides and area of the given triangle are
rational. Hence every rational triangle is a sum of two Pythagorean triangles which are formed by* letting a perpendicular
fall upon the longest side from the opposite vertex. Thus
the theory of rational triangles may be based upon that of
Pythagorean triangles.
A more direct method is also available. Thus if a, b, c
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are the sides and A the area of a rational triangle we have
from geometry
= i6A2.

(a+b+c)(-a+b+c)(a-b+c)(a+b-c)
Putting
a = /3+y,

b = y+a,

C=a+p,

we have
(*+P+y)aPy

= A 2.

Every rational solution of the last equation affords a rational
triangle.
In the next two sections we shall take up the problem of
determining all Pythagorean triangles and all rational triangles.
I t is of interest to observe that Pythagorean triangles
have engaged the attention of mathematicians from remote
times. They take their name from the Greek philosopher
Pythagoras, who proved the existence of those triangles whose
legs and hypotenuse in modern notation would be denoted
by 2 a + i , 2a2 + 2a, 2a2 + 2a+i, respectively, where a is a positive
integer. Plato gave the triangles 2a, a2 — i, a2 + i. Euchd
gave a third set, while Diophantus derived a formula essentially
equivalent to the general solution obtained in the following
section.
Fermat gave a great deal of attention to problems connected with Pythagorean triangles, and it is not too much to
say that the modern theory of numbers had its origin in the
meditations of Fermat concerning these and related problems.
§ 3.

PYTHAGOREAN

TRIANGLES

We shall now determine the general form of the positive
integers x, y, z which afford a primitive solution of the equation
x2+y2 = z2.

(1)

The square of the odd number 2/x+i is 4/^+4/*+1. Hence
the sum of two odd squares is divisible by 2 but not by 4; and
therefore the sum of two odd squares cannot be a square.
Hence of the numbers x, y in (1) one is even. If we suppose
that x is even, then y and z are both odd.
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Let us write Eq. (i) in the form
x2 = (z+y)(z-y).

(2)

Every common divisor of z-\-y and z — y is a divisor of their
difference 2y. Thence, since z and y are relatively prime odd
numbers, we conclude that 2 is the greatest common divisor
of z+y and z — y. Then from (2) we see that each of these
numbers must be twice a square, so that we may write
z+y = 2a2,

z — y = 2b2,

where a and b are relatively prime integers.
equations and Eq. (2) we have
x = 2ab, y = a2 — b2, z = a2+b2.

From these two
(3)

Since x and y are relatively prime, it follows that one of the
numbers a, b is odd and the other even.
The forms of x, y, z given in (3) are necessary in order that
(1) may be satisfied, while at the same time x, y, z are relatively prime and x is even. A direct substitution in (1) shows
that this equation is indeed satisfied by these values. Hence
we have the following theorem:
The legs and hypotenuse of any primitive Pythagorean triangle may be put in the form
2ab,

a2 — b 2 ,

a2+b2.

(4)

respectively, where a and b are relatively prime positive integers
of which one is odd and the other even and a is greater than
b; and every set of numbers (4) forms a primitive Pythagorean
triangle.
If we take a = 2, J = i, we have 4 2 + 3 2 = 5 2 ; if 0 = 3, 6 = 2,
we have i 2 2 + 5 2 = i 3 2 ; and so on.
EXERCISES
1. Prove that the legs and hypotenuse of all integral Pythagorean triangles
in which the hypotenuse differs from one leg by unity are given by 2a+i, 2a2-\-2a,
2<x2+2a+i, respectively, a being a positive integer.
2. Prove that the legs and hypotenuse of all primitive Pythagorean triangles
in which the hypotenuse differs from one leg by 2 are given by 2a, a2— 1, a2+i,
respectively, a being a positive integer. In what non-primitive triangles does
the hypotenuse exceed one leg by 2?
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3. Show that the product of the three sides of a Pythagorean triangle is
divisible by 60.
4. Show that the general formulae for the solution of the equation

in relatively prime positive integers x, y, z are
z=ni2Jrn2,

x, y = 4mn(m2—n2),

±(w4-6w2»2+»4), w>»,

m and n being relatively prime positive integers of which one is odd and the
other even.
5. Show that the general formulae for the solution of the equation
x2+(2yY=z2
in relatively prime positive integers x, y, z are
2=4m 4 +w 4 ,

x=±(4fnA— w4),

y=:nn,

m and n being relatively prime positive integers.
6. Show that the general formulae for the solution of the equation
(2x)2+y*=z2
in relatively prime positive integers x, y, z are
z=m*-\-6rn2n2-\-n4, x=2mn{m2Jrn2),
y—m2—n2,
m>n,
m and n being relatively prime positive integers of which one is odd and the
other even.
§ 4. RATIONAL TRIANGLES

We have seen that the length of the perpendicular from
any angle to the opposite side of a rational triangle is rational,
and that it divides that side into two parts each of which is
of rational length. If we denote the sides of the triangle by
x, y, z, the perpendicular from the opposite angle upon z by
h and the segments into which it divides z by z\ and 22, z\ being
adjacent to x and 22 adjacent to y, then we have
h2 = x2 — zi2 = y2 — Z22, zi+z2 = z.

(1)

These equations must be satisfied if x, y, z are to be the sides
of a rational triangle. Moreover, if they are satisfied by positive rational numbers x, y, z, zi, £2, h, then x, y, z, h are in order
the sides and altitude upon z of a rational triangle. Hence
the problem of determining all rational triangles is equivalent
to that of finding all positive rational solutions of system (1).
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From Eqs. (i) it follows readily that rational numbers
m and n exist such that
h2
x+zi=m,
x — zi =—;
m
h2
y+Z2 = n, y — Z2 = —.
n
Hence x, y, and 2, where 2 = 21+22, have the form
1/
2\

, h2\
J,
mj

x = -[ m-\—

1/ Ji2\
y = -[n-\— ,
2\

1/

n]

.

h2

h2\

z = -[m+n

,

2\
m nJ
respectively. If we suppose that each side of the given triangle is multiplied by 2mn and that x, y, 2 are then used to
denote the sides of the resulting triangle, we have
x = n(m2'+h2),
1
y = m(n2+h2),
>
(2)
2
z = (m-\-n)(mn—h ).}
I t is obvious that the altitude upon the side 2 is now 2hmny
so that the area of the triangle is
hmn(m+n)(mn

— h2).

(3)

From this argument we conclude that the sides of any
rational triangle are proportional to the values of x, y, 2 in
(2), the factor of proportionality being a rational number.
If we call this factor p, then a triangle having the sides px,
py, pz, where x, y, 2 are defined in (2), has its area equal to
p2 times the number in (3). Hence we conclude as follows:
A necessary and sufficient condition that rational numbers
x, y, 2 shall represent the sides of a rational triangle is that they
shall be proportional to numbers of the form n(m2+h2),
m(n2+h2),
2
(m+n)(mn — h ), where m, n, h are positive rational numbers
and mn>h2.
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Let d represent the greatest common denominator of the
rational fractions m, n, h, and write
M
m=

d'

v
d>

,

n=

k '
a:

h=

If we multiply the resulting values of x, y, z in (2) by ds we
are led to the integral triangle of sides x, y, 5, where
y = fJL(v2 + k2),
Z=

(lJL+v)(lJLV-k2).

With a modified notation the result may be stated in the following form:
Every rational integral triangle has its sides proportional
to numbers of the form n(m2+h2), m(n2+h2), (m+n)(mn—h2),
where m, n, h are positive integers and mn >h2.
To obtain a special example we may put m = 4, n = 3, h = i.
Then the sides of the triangle are 51, 40, 77 and the area is 924.
For further properties of rational triangles the reader may
consult an article by Lehmer in Annals of Mathematics, second
series, Volume I, pp. 97-102.
EXERCISES
1. Obtain the general rational solution of the equation
{xJry-\-z)xyz=

u 2.

SUGGESTION.—Recall the interpretation of this equation as given in § 2.
2. Show that the cosine of an angle of a rational triangle can be written in
one of the forms
a2-i82
2(30
a 2 +/3 2 ' a 2 +/3 2 '
where a and 0 are relatively prime positive integers.
3. If x,y,z are the sides of a rational triangle, show that positive numbers
a and 0 exist such that one of the equations,

is satisfied.

Thence determine general expressions for x, y, z.
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APPLICATIONS

x2+y2 = z2, y2+z2 = t2.

By means of the result at the close of § 3 we shall now
prove the following theorem:
I. There do not exist integers x, y, z, t, all different from
zero, such that
32 + 3? = ^

y2JrZ2

= t2t

(j)

It is obvious that an equivalent theorem is the following:
II. There do not exist integers x, y, z, t, all different from
zero, such that
t2-\-X2 — 2Z2,

t2 — X2 = 2y2.

(2)

It is obvious that there is no loss of generality if in the
proof we take x, y, z, t to be positive; and this we do.
The method of proof is to assume the existence of integers
satisfying (1) and (2) and to show that we are thus led to a
contradiction. The argument we give is an illustration of
Fermat's famous method of " infinite descent," of which we
give a general account in the next section.
If any two of the numbers x, y, z, t have a common prime
factor p, it follows at once from (1) and (2) that all four of
them have this factor. For, consider an equation in (1) or
in (2) in which the two numbers divisible by p occur; this
equation contains a third number of the set x, y, z, t, and it
is readily seen that this third number is divisible by p. Then
from one of the equations containing the fourth number it follows that this fourth number is divisible by p. Now let us
divide each equation of systems (1) and (2) by p2; the resulting
systems are of the same forms as (1) and (2) respectively.
If any two numbers in these resulting systems have a common
prime factor pi, we may divide each system through by pi2;
and so on. Hence if a pair of simultaneous equations (2)
exists then there exists a pair of equations of the same form
in which no two of the numbers x, y, z, t have a common factor
other than unity. Let this system of equations be
h2+xi2

= 2Zi2,

h2-xi2

= 2yi2.

(3)
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From the first equation in (3) it follows that h and x\ are
both odd or both even; and, since they are relatively prime,
it follows that they are both odd. Evidently h>x\.
Then
we may write
h =Xi + 2o:,

where a is a positive integer. If we substitute this value of
h in the first equation in (3), the result may readily be put
in the form
(xl+a)2+a2 = z12.
(4)
Since xi and zi have no common prime factor it is easy to see
from this equation that a is prime to both xi and zi, and hence
that no two of the numbers xi+a, a, z\ have a common factor
other than unity.
Then, from the general result at the close of § 3 it follows
that relatively prime positive integers r and 5 exist, where
r>s, such that
xi+a = 2rs,
a = r2 — s2,
(5)
or
xi+a = r2 — s2,

a = 2rs.

(6)

In either case we have
h2 — xi2 = (h— xi)(h+xi) = 2a- 2(xi+a) =8rs(r2 — s2).
If we substitute in the second equation of (3) and divide by 2,
we have
4rs(r2 — s2) =yi2.
From this equation and the fact that r and 5 are relatively
prime, it follows at once that r, s, r2 — s2 are all square numbers;
say
r = u2, s = v2, r2 — s2 = w2.
Now r — s and r+s can have no common factor other than
1 or 2; hence, from
w2

= rz—s2 = (r—s) (r+s) = (u2—v2) (u2+v2)

we see that either
U2+V2 = 2Wi2,

U2 — V2 = 2W22,

it2 +V2=

u2 — V2 = W22.

or
Wi2y

(7)
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And if it is the latter case which arises, then
Wi2+W22

= 2U2,

Wi2 — W22 = 2V2.

(8)

Hence, assuming equations of the form (2), we are led either
to Eqs. (7) or to Eqs. (8); that is, we are led to new equations
of the form with which we started. Let us write the equations
thus:
t22+x22 = 2z22j t22-x22 = 2y22;
(9)
that is, system (9) is identical with that one of systems (7),
(8) which actually arises.
Now from (5) and (6) and the relations h=xi + 2a, r>s,
we see that
h = 2rs+r2 — s2>2s2+r2 — s2 = r2+s2 = u4:+v4:.
Hence u<h.

Also,

wi2 ^ w2 ^ r+s

<r2+s2.

Hence w\ <h. Since u and wi are both less than h, it follows
that t2 is less than t\. Hence, obviously, t2<t. Moreover,
it is clear that all the numbers x2, y2, z2, t2 are different from
zero.
From these results we have the following conclusion: If
we assume a system of the form (2) for given values of x, y,
• z, t, we are led to a new system (9) of the same form; and
in the new system t2 is less than t.
Now if we start with (9) and carry out a similar argument
we shall be led to a new system
k2+X32

= 2Z32,

h2 — xz2 =

2ys2,

with the relation h<h; starting from this last system we shall
be led to a new one of the same form, with a similar relation
of inequality; and so on ad infinitum.
But, since there is
only a finite number of integers less than the given positive
integer t, this is impossible. We are thus led to a contradiction;
whence we conclude at once to the truth of I I and likewise
of I.
By means of theorems I and I I we may readily prove the
following theorem:
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III. The area of a Pythagorean triangle is never equal to
a square number.
Let the legs and hypotenuse of a Pythagorean triangle
be u, v, w, respectively. The area of this triangle is \uv. If
we assume this to be a square number p2, we shall have the
following simultaneous Diophantine equations:
^2_|_^2 = < l e ; 2 ?

UV = 2p2.

(io)

We shall prove our theorem by showing that the assumption
of such a system for given values of u, v, w, p leads to a contradiction.
From system (io) it is easy to show that if any two of
the numbers u, v, w have the common prime factor p, then
the remaining one of these numbers and the number p are
both divisible by p. Thence it is easy to show that if any
system of the form (io) exists there exists one in which u, v,
w are prime each to each. We shall now suppose that (io)
itself is such a system.
Since u, v, w are relatively prime it follows from the first *
equation in (io) and the theorem in § 3 that relatively prime
integers a and b exist such that u, v have the values 2ab}
a2 — b2 in some order. Hence from the second equation in
(10) we have
p2 =
ab(a2-b2)=ab(a-b)(a+b).
I t is easy to see that no two of the numbers a, 6, a — 6, a + 6 ,
have a common factor other than unity; for, if so, u and v
would fail to satisfy the restriction of being relatively prime.
Hence from the last equation it follows that each of these
numbers is a square. That is, we have equations of the form
a = m2,
whence

b=n2,

a+b = p2,

a — b = q2;

m2—n2 = q2j m2+n2 = p2.

But, according to theorem I, no such system of equations
can exist. That is, the assumption of Eqs. (10) leads to a
contradiction. Hence the theorem follows as stated above.
From the last theorem we have an almost immediate proof
of the following:
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IV. There are no integers x, y, z, all different from zero, such that
x 4 -y 4 =2 2 .

(n)

If we assume an equation of the form ( n ) , we have
(#4 —yfi)x2y2 = x2y2z2.

(12)

(2x2y2)2+(xt-<f)2 = (x*+f)2.

(13)

But, obviously,
Now, from (12), we see that the Pythagorean triangle determined by (13) has its area (x4—y4)x2y2 equal to the square
number x2y2z2. But this is impossible. Hence no equation
of the form ( n ) exists.
COROLLARY.—There exist no integers x, y, z, all different
from zero, such that
EXERCISES
2

1. The system x — y =ku , x -\-y2=kv2 is impossible in integers x, y, k, u, v7
all of which are different from zero.
2. The equation # 4 +4/y 4 =z 2 is impossible in integers x, y, z, all of which are
different from zero.
3. The equation 2x*-}-2y4=z2 is impossible in integers xt y, z, except for the
trivial solution z= db2#2= zL2y2.

§ 6.

2

2

2

THE METHOD OF INFINITE DESCENT

In the preceding section we have had an example of Fermat's famous method of infinite descent. In its relation to
Diophantine equations this method may be broadly characterized as follows:
Suppose that one desires to prove the impossibility of
the Diophantine equation
f(xi,X2,

• • ., Xn)=0,

(i)

where / is a given function of its arguments. One assumes
that the given equation is true for given values of x\, X2, . . .,
xn, and shows that this assumption leads to a contradiction
in the following particular manner. One proves the existence
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of a set of integers ui,U2,. • ., un and a function g(ui, U2, . • ., «n)
having only positive integral values such that
f(uhU2,

• • .,«n)=0,

(2)

while
g ( ^ l , U2, . . ., «n) < g ( * l , #2, • • ., Xn).

The same process may then be applied to Eq. (2) to prove
the existence of a set of integers vi, 1)2, . . ., vn, such that
f(Vi,V2,.

• ., 0 n ) = O ,

g(fll, 02, . • ., »») < g ( « l , « 2 , • • ., «n) •

This process may evidently be repeated an indefinite number
of times. Hence there must be an indefinite number of different positive integers less than g(xi,X2, . . ., ffn). But this
is impossible. Hence the assumption of Eq. (1) for a given
set of values £1, . . .,xn leads to a contradiction; and therefore
(1) is an impossible equation.
By a, natural extension the method may also be employed
(but usually not so readily) to find all the solutions of certain
possible equations. I t is also applicable, in an interesting way,
to the proof of a number of theorems; one of these is the
theorem that every prime number of the form 4 ^ + 1 is a
sum of two squares of integers. See lemma I I of § 10.
We shall now apply this method to the proof of the following theorem:
I. There are no integers x, y, z, all different from zero, satisfying either of the equations
o^-4f=±z2.

(3)

Let us assume the existence of one of the equations (3)
for a given set of positive integers x, y, z. If any two of these
numbers have a common odd prime factor p, then all three
of them have this factor, and the equation may be divided
through by p*. The new equation thus obtained is of the
same form as the original one. The process may be repeated
until an equation
X14 —4yi4 = ± z i 2
is obtained, in which no two of the numbers xi, yi, z\ have a
common odd prime factor.
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If z\ is even, it is obvious that,a; i is also even, and therefore the above equation may be divided through by 4; a result
of the form
;y 2 4 — 4 # 2 4 =

=

F£2 2

is obtained. The process may be continued until an equation
of one of the forms
is obtained, in which zz is an odd number. Then y% is also odd.
Then if the second member in the last equation has the minus
sign we may write y3 4 +£3 2 =4#3 4 - This equation is impossible, since the sum of two odd squares is obviously divisible
by 2 but not by 4. Hence we must have
4^34 + 232=3;34-

(4)

Now it is clear that no two of the numbers #3, ys, %s have
a common factor other than unity and that all of them are
positive. Hence, from the last equation it follows (by means
of the result in § 3) that relatively prime positive integers
r and s, r>s, exist such that
Xs2 = rs9

zs=r2—s2,

y32 = r2+s2.

From the first of these equations it follows that r and s are
squares; say r = p2, s = a2. Then from the last exposed equation we have
p4 + <74=3/32.
I t is easy to see that p, <r, yz are prime each to each.
The last equation leads to relations of the form
ys=ri2+si2,

p2 = 2/-isi,

o-2 = r i 2 - s i 2 ,

P2 = f l 2 - S l 2 ,

cr2 = 2TiSi.

or of the form
:>>3=n 2 + Sl 2 ,

In either case we see that 2riSi and r\2 — si2 are squares, while
r\ and s\ are relatively prime and one of them is even. From
the relation n 2 —si2 = square, it follows that r± is odd, since
otherwise we should have the sum of two odd squares equal
to the even square ri 2 , which is impossible. Hence si is even.
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But 2T\S\ = square. Hence positive integers pi, 01, exist such
that ri = pi2, si = 2ai2. Hence, we have an equation of the
form pi4—4(7i4 = wi 2 , since r\2 — s\2 is a square; that is,
we have
4<TI 4 +WI 2 = PI 4 .

(5)

Now the last equation has been obtained solely from Eq.
(4). Moreover, it is obvious that all the numbers pi, <n, wi,
are positive. Also, we have
xs2 = rs = p2a2 = 2T\Si (ri 2 — S\2) = 4pi 2 0i 2 (pi 4 — 40-14) = 4pi2cri2ie;i2.
Hence, ai<xz.
to an equation

Similarly, starting from (5) we should be led
4(724 + W22 = P24,

where C 2 O 1 ; and so on indefinitely. But such a recursion
is impossible. Hence, the theorem follows as stated above.
By means of this result we may readily prove the following
theorem:
II. The area of a Pythagorean triangle is never equal to twice
a square number.
For, if there exists a set of rational numbers u, v, w, t
such that
u2+v2 = w2, uv = t2,
then it is easy to see that
(u+v)2 = w2 + 2t2,

(u — v)2 = w2 — 2t?;

or,
Again, we have the following:
III. There are no integers x, y, z, all different from
such that

zero,

For, if such an equation exists, we have a Pythagorean
triangle (x2)2 + (y2)2 = z2, whose area \x2y2 is twice a square
number; but this is impossible.
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EXERCISES

i. In a Pythagorean triangle x2-\-y2=z2, prove that not more than one of
the sides x, y, z, is a square number. (Cf. Exs. 4, 5, 6 in § 3.)
2. Show that the number expressing the area of a Pythagorean triangle has
at least one odd prime factor entering into it to an odd power and thence show
that every number of the form p^—a4, in which p and <r are different positive
integers, has always an odd prime factor entering into it to an odd power.
3. The equation 2xi— 2y4=z2 is impossible in integers x, y, z, all of which
are different from zero.
4. The equation xA-\-2y4=z2 is impossible in integers x, y, z, all of which
are different from zero.
SUGGESTION.—This may be proved by the method of infinite descent. (Euler's
Algebra, 22, § 210.) Begin by writing z in the form
z=x2+^,
Q

where p and q are relatively prime integers, and thence show that x2= q2— 2p2,
y2= 2pq, provided that x, y, z are prime each to each.
5. By inspection or otherwise obtain several solutions of each of the equations
x*—2yi=z2, 2x4—y*=z2, x*+8y*=z2.
6. The equation x4— y4=2z2 is impossible in integers x, y, z, all of which
are different from zero.
7. The equation xA-\-y4=2Z2 is impossible in integers x, y, z, except for the
trivial solution z= ± # 2 = ±y 2 .
8. The equation 8x4— y*=z2 is impossible in integers x, y, z, all of which are
different from zero.
9. The equation x*—8yi==z2 is impossible in integers x, y, z, all of which are
different from zero.
GENERAL EXERCISES
1. Find the general rational solution of the equation x2-\-y2=a2, where a
is a given rational number.
2. Find the general rational solution of the equation x2-\-y2=a2-\-b2, where
a and b are given rational numbers.
3. Determine all primitive Pythagorean triangles of which the perimeter is
a square.
4. Find general formulae for the sides of a primitive Pythagorean triangle
such that the sum of the hypotenuse and either leg is a cube.
5. Find general formulas for the sides of a primitive Pythagorean triangle
such that the hypotenuse shall differ from each side by a cube.
6. Observe that the equation x2+y2=z2

has the three solutions

y=m2—n2,

x=2mn,

z=m2-\-n2,

where
m=k2+kl+l2,
m=k

2

2

+kl+l ,

m=k2+2kl,

n=k2-l2;
n=2kl+l2;
n=k2+kl+l2;
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and show that each of the three Pythagorean triangles so determined has the
area
(k*+kl+P)(k2-l2)(2k+l)(2l+k)kl.
(Hillyer, 1902.)
7.* Develop methods of finding an infinite number of positive integral solutions of the Diophantine system
x2+y2=u2}

y2+z2=v2,

z2+x2=w2,

(See Amer. Math. Monthly, Vol. XXI, p. 165, and Encyclopedie des sciences
mathetnatiques, Tome I, Vol. I l l , p. 31).
8.* Obtain in tergal solutions of the Diophantine system.
x2+y2=t2=z2+w2,

x2—w2=u2=z2—y2.

9. Solve the Diophantine system x2-{-t=u2} x2—t=v2.
10. Find three squares in arithmetical progression.

